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abelian and it can be seen that also non-nilpotent solvable Lie algebras may appear. Our main interest is to give a description of such algebras and study the properties of their curvature.
The paper is organized as follows. In Section 2 we recall some basic definitions and elementary results on para-Kähler structures on Lie algebras. We see that the class of para-Kähler Lie algebras for abelian paracomplex structures is a wide one in Section 3 and propose several constructions of such Lie algebras. In Sections 4 and 5 we show that the eigenspaces of K are actually associative commutative algebras, we study the main structural properties of para-Kähler Lie algebras with abelian paracomplex structure and give an inductive description of such algebras by means of the so called symplectic double extension method [8, 12] . Finally, Section 6 contains all the results on the curvature of the para-Kähler metric. We give some sufficient conditions to ensure that the metric is flat or Ricci-flat and we completely describe the non-Ricci-flat cases in which the metric is Einstein.
Preliminaries
We first recall some basic definitions [1] [2] [3] [4] 10, 11] . All the algebras in the paper are considered finite-dimensional over a field K of characteristic 0. Definition 2.1. A product structure on a Lie algebra g is a linear map K ∈ gl(g) such that K 2 = id g , K = id g and
for all x, y ∈ g.
The product structure K provides a decomposition of the vector space g as the direct sum of the eigenspaces g + = ker(K − id g ), g − = ker(K + id g ). Actually, g + and g − are subalgebras of g. When both subalgebras g ± have the same dimension, the product structure is said to be a paracomplex structure on g. Two Lie algebras endowed with paracomplex structures (g 1 , K 1 ), (g 2 , K 2 ) are said to be paraholomorphically equivalent if there is an isomorphism ψ : g 1 → g 2 such that
We will say that a product structure K is abelian if [K x, K y] = −[x, y] holds for all x, y ∈ g. In such case one easily verifies that the subalgebras g ± are actually abelian.
Lemma 2.2.
If g is a Lie algebra and g + , g − two abelian Lie subalgebras such that, as vector spaces, g = g + ⊕ g − then g is 2-step solvable.
The following definitions will be used several times through the paper (see, for instance, [7, 4] [y, z] ) holds for all x, y, z ∈ g.
Examples of para-Kähler Lie algebras with abelian paracomplex structure
As we will see, the family of Lie algebras admitting abelian para-Kähler structures is a wide one. In this section we propose several constructions of such Lie algebras.
The 2-dimensional Lie algebras
If g is a Lie algebra of dimension 2 then obviously every skew-symmetric non-degenerate bilinear form ω provides a symplectic structure. Take an arbitrary basis {x, y} in g and define K x = x, K y = −y. It is straightforward to prove that K is abelian and (g, ω, K ) is para-Kähler.
The Lie algebra aff(A) of a Frobenius commutative algebra
Let A be a commutative associative algebra. The vector space A ⊕ A with the product defined by [(a, b) 
is a Lie algebra denoted by aff(A) [5] . Note that, actually, aff(
an abelian product structure on aff(A). If, in addition, we suppose that B is a Frobenius form, then the bilinear form ω of
for a, a , b, b ∈ A, defines a symplectic structure on Lie algebra aff(A) and a simple computation shows that (aff(A), ω, K ) is para-Kähler.
The special case in which the pair (A, B) is actually a symmetric algebra will have a special relevance in the sequel. In such case, we will say that the para-Kähler structure given above is the standard abelian para-Kähler structure on aff(A).
Notice that, then, the symplectic form is simply given by
We recall that starting from an arbitrary associative commutative algebra one may construct a symmetric algebra by the method of T * -extension described in [6] .
Construction of para-Kähler Lie algebras from a couple of quadratic Lie algebras
Let (L, [−,−], B) be a quadratic 2-nilpotent Lie algebra. On the vector space A := L × L we consider the commutative product defined by:
Since L is 2-nilpotent, it is obvious that A 3 = {0} and therefore (A, ·) is an associative commutative algebra. If we consider the map K : Thus, we have a triple (A, Ω, K) where A is an associative commutative algebra, Ω a non-degenerate scalar 2-cocycle for the Hochschild cohomology on A and K ∈ gl(A) such that
(1) 
We can, therefore, define an associative commutative product * on U * by defining
Under such identification, we may consider g = U ⊕ U * endowed with the symplectic form ω given by 
Moreover, in such case, the bilinear form ω given by ω(u 
Proof. Let us consider
which shows the necessity of the identities. Further, if such identities hold then
Thus, if the identities hold, then (g, .) is left-symmetric.
The skew-symmetric form given by ω(u
which obviously vanishes since the products on U and U * are commutative. 2 Remark 4.2. Obviously, the left-symmetric algebra defined above is not commutative unless both products on U and U * are null. In general it is not either associative. Actually a necessary and sufficient condition to be associative reads
It should be noticed that if either U or U * is unitary then the resulting algebra g is always associative. For instance, if e ∈ U is a unity for the product in U then for all u, u ∈ U and f , f ∈ U * we have
Examples 4.1.
The left-symmetric product of the standard structure on aff(A) is associative.
Let (A, B) be a commutative associative symmetric algebra.
) and a straightforward calculation shows that such product is associative.
Constructions from an arbitrary associative commutative algebra.
If U is an associative commutative algebra and on U * one considers the null product, the necessary and sufficient condition for the associativity of g = U ⊕ U * given in Remark 4.2 is obviously verified. Therefore, one can always construct a para-Kähler Lie algebra with abelian paracomplex structure starting from an arbitrary associative and commutative algebra.
A non-associative example.
Let us consider U the linear K-span of {e 1 , e 2 , e 3 , e 4 } with the associative commutative product defined by the nontrivial products e 2 1 = e 2 , e 1 e 2 = e 3 and on U * let us define the associative commutative product given in which the only non-zero product for the dual basis {e 
Proof. Since the restrictions of the left-symmetric product to U and U * are associative, (i) is obvious. The first identity of (ii) is immediately deduced from R u • R u = R uu . In order to prove (iii), let us consider g ∈ U * . We then have
The second identity of (ii) as well as (iv) can be obtained by interchanging the roles of U and U * . 2
Corollary 4.5. Let (g = U ⊕ U * , ω) be a para-Kähler Lie algebra with abelian paracomplex structure. The following holds: 
= 0. In order to prove that ann(U ) is a Lie ideal of g let us take u 0 ∈ ann(U ).
The result for ann(V ) is obtained in a similar way. 2
Inductive description of Lie algebras with abelian para-Kähler structures
In [12, 8] the definitions of classical and generalized symplectic double extensions of a symplectic Lie algebra were given. In the following we will use some particular cases of such kind of extensions.
be a symplectic Lie algebra and let D ∈ Der(g), λ ∈ K be such that the 2-cocycle
is a 2-coboundary, this is to say, there exists z ∈ g verifying Ω(
In the vector spaceg = Ke ⊕ g ⊕ Kd let us define the bracket given by
for all x, y ∈ g and the skew-symmetric bilinear formω defined bỹ
The triple (g,ω) is a symplectic Lie algebra called the symplectic double extension of g by a line defined by means of D, λ, z. The double extension is said to be classical if λ = 0 and, hence, e is a central element ing.
The following result characterizes symplectic Lie algebras which are obtained by symplectic double extension by a line. 
holds for all x, y ∈ g. Now, the result follows from the fact that, being ω non-degenerate, there exists z ∈ g such that ψ = ω(−, z 
Then g is a symplectic double extension of a symplectic Lie algebra by a line.
Proof. According to the proposition above it suffices to show the existence of a one-dimensional ideal orthogonal to [g, g] .
If z(g) = {0} then one may take an arbitrary central element e ∈ z(g) which obviously is orthogonal to [g, g] because ω is a symplectic form. Suppose now that K is algebraically closed and 
Therefore, the corollary above ensures that if K is algebraically closed then g is a symplectic double extension by a line of some symplectic Lie algebra h. However, in order to apply the result successively, one needs the Lie algebra g to admit also an abelian para-Kähler structure. To guarantee such condition, it is convenient to ask the ideal Ke to be K -invariant. This justifies the following definition: (
ii) In particular, ifg is nilpotent, then it can be obtained by a sequence of abelian para-Kähler double extensions by lines starting from the abelian 2-dimensional Lie algebra.
Proof. In order to prove (i) we first show that one can always find e ∈ z(g) which is an eigenvector forK . Let W 1 , W 2 be the eigenspaces of K and take a central element z = w 1 + w 2 = 0 where
, one immediately obtains that w 1 , w 2 ∈ z(g). As there exists i ∈ {1, 2} such that w i = 0, we can take e = w i . Now, the proof follows at once from the lemma above. When the Lie algebrag is nilpotent, it has a non-trivial center and therefore it is an abelian para-Kähler double extension of a Lie algebra g which also admits an abelian para-Kähler structure. Since g must also be nilpotent, we can apply the same reasoning successively and the result follows. 2
The next lemma shows that not every para-Kähler Lie algebra with abelian paracomplex structure is an abelian paraKähler double extension. In the following results we characterize those such algebras with abelian para-Kähler structure for which both annihilators of the eigenspaces are null.
Lemma 5.6. Let us consider a para-Kähler Lie algebra with abelian paracomplex structure (g, ω, K ) and consider the Lie subalgebra
If, for each x ∈ s, we denote by R x : g → g the right multiplication map R x (a) = a.x, a ∈ g, for the left-symmetric product defined by ω, then R x • R y = R y.x for all x, y ∈ s. As a consequence, (s, .) is associative.
Proof. Recall that if
U and, therefore, it suffices to prove the identity for x, y ∈ s of the form u. f or f .u where u ∈ U and f ∈ U * . Further, since
, it will be sufficient to prove the equalities (u) holds for allũ, u ∈ U ,f ∈ U * . Now, if we take u ∈ U , f ∈ U * , we have:
and also
On the other hand, the identity R˜f
and, similarly,
Next, notice that (s, .) is a subalgebra for the left-symmetric product on g since the products ( f However, for our purposes, it will be convenient a similar result for the quotient of the Lie subalgebra 
Proof. Let first note that
and both summands in the right-hand expression vanish because ω( [g, g] , [g, g]) = {0}.
because g is 2-step solvable, it is obvious from Lemma 5.6 above that M is a commutative (and associative) algebra. Let us define a linear map ψ :
This implies that ψ is well-defined and that ker(ψ) = ker(ω s ). Therefore, since ψ is obviously onto, it suffices to see that it is a Lie algebras homomorphism. Consider x, y, x , y ∈ [g, g]. Recall that we had that g.[g, g] = {0} and that K commutes with right multiplications and, thus,
, one gets using Lemma 5.6 that
But, on the other hand, we have
which proves that ψ is a homomorphism.
Finally, for every x, x ∈ [g, g] we obtain
and therefore, since K leaves the kernel of ω s invariant, the isomorphism is actually paraholomorphic. 
The associative commutative algebra M is endowed with a non-degenerate symmetric bilinear form B such that B(ab, c) = B(a, bc) holds for every a, b, c ∈ M.
Proof. Sinceψ is an isomorphism of Lie algebras and we have defined ω a = (ψ −1 ) * ω , then it is straightforward to see that ψ is actually an isomorphism of the left-symmetric structures defined byω and ω a . Therefore, if we set
and, hence, the symmetric product on aff(M) is as claimed. Note that in an example above we had proved that it is actually associative.
This shows that B is non-degenerate since ω a is so. Further, since ω(K x, y) = ω(K y, x) for all x, y ∈ [g, g] one also gets that B is symmetric. Thus, it suffices to show the invariance property. Consider again a = R K x , a = R K x , b = R K y ; using that dω = 0 we get
This completes the proof. 2
We can now characterize all Lie algebras with an abelian para-Kähler structure whose eigenspaces have null annihilator. 
Proof. Let us see that if ann(
which shows that v 0 ∈ ann(V ) = {0}. Hence, (U .V ) ⊥ ⊂ U . Since one trivially has U ⊂ (U .V ) ⊥ because U is completely isotropic, we have that actually U .V = U ⊥ = U . The analogous reasoning proves that V .U = V whenever ann(U ) = {0}. with an abelian para-Kähler structure, its complexification g C may be naturally endowed with the symplectic and the abelian paracomplex structures defined by 
Curvatures of the para-Kähler metric
Let (g, ω, K ) be a para-Kähler Lie algebra with abelian paracomplex structure. On the Lie algebra g we define the pseudoRiemannian metric g defined by g(x, y) = ω(x, K y). We will call g the abelian para-Kähler metric of (g, ω, K ). 
Proof. The Levi-Civita connection may be computed by the Koszul formula which, for x, y, z ∈ g, reads
and therefore, since K commutes with right multiplications, we have
for all x, y ∈ g. 
The left-symmetric product defined by ω is given by yx = −y, x 2 = −x, xy = y 2 = 0, which is associative. Since the right multiplication by y is null, one easily sees that the metric is flat.
Let us denote by Ric(x, y) de Ricci curvature tensor of the metric, this is to say,
We have the following: 
According to the corollary above, we have
which clearly imply that Ric(u, u ) = Ric( f , f ) = 0. Now, if we denote respectively left and right multiplications by x ∈ g by L x and R x and by and R x|U its restriction to U , using the properties of Proposition 4.4 one has for u, u
The second equality follows at once since in a left-symmetric algebra L [x,y] = [L x , L y ] holds for all x, y. 2
As a consequence we obtain the following result. Note that a similar result in the case of (non-necessarily abelian) complex structures in the nilpotent case was proved in [9, Lemma 6.3]. Proof. The proof is straightforward bearing in mind that for the left-symmetric structure defined by ω one has L x = − ad(x) * for every x ∈ g, where ad(x) * denotes the dual map of ad(x) with respect to ω, and hence trace(L x ) = − trace(ad * (x)) = − trace(ad(x)) = 0. 2
In [1] homogeneous para-Kähler Einstein manifolds were studied. Our next result gives a complete characterization of the (non-Ricci-flat) Einstein case for our Lie algebras with abelian para-Kähler structure. Recall that the metric g is Einstein if there exists α ∈ K such that Ric = α g. Proof. Let us consider that Ric = α g for α = 0 and put g = U ⊕ U * , where U = ker(K − id g ). Suppose first that ann(U ) = {0}
and take a non-zero element u 0 ∈ ann(U ). For every f ∈ U * and u ∈ U we then have that (u 0 . f ).u = (u. f ).u 0 = 0 and hence L u 0 . f |U = 0. As L u 0 . f (U * ) ⊂ U , we get:
for all f ∈ U * , a contradiction with the non-degeneracy of g. A similar argument may be done if ann(U * ) = {0} and, therefore, by Corollary 5.10 we have that g = aff(M) for some symmetric associative commutative algebra of dimension n, endowed with the standard para-Kähler structure.
Recall that for aff(M) with the standard structure one has U = {(a, Remark 6.2. It should be recalled that the only semisimple associative commutative algebras over C are the direct sums of copies of C, and over R are just the direct sums of different copies of R and C.
